We give a new proof of König's theorem and generalize the Gallai-Edmonds decomposition to balanced hypergraphs in two different ways. Based on our decompositions we give two new characterizations of balanced hypergraphs and show some properties of matchings and vertex cover in balanced hypergraphs.
Introduction
In this article we investigate balanced hypergraphs. Balanced hypergraphs are one possible generalization of bipartite graphs. They were defined by Berge in [Ber70] . A recent survey about balanced hypergraphs resp. matrices can be found in [CCV06] . The problem of finding maximum matchings in abitrary hypergraphs is NP-complete, whereas the problem can be solved by linear programming techniques for the class of balanced hypergraphs. But until now there is no polynomial and combinatorial matching algorithm for balanced hypergraphs known. The purpose of this article is to deliver a better insight into the matching problem in balanced hypergraphs. In section 1 we define basic notions about hypergraphs, matchings, etc. and list basic results. Moreover we give a new proof of König's theorem for balanced hypergraphs, which was originally proved by Berge and Las Vergnas [BV70] and in a more general version by Fulkerson et al. [FHO74] . Moreover we show, how our ideas can be used to augment matchings and to estimate the matching number. Section 2 contains our main theorems: two generalizations of the Gallai-Edmonds decomposition. After proving our decompositions we compare them with the classic one (cf. [Gal65] and [Edm68] ). In the third Section we give two new characterizations of balanced hypergraphs.
Prerequisites
In this section we define basic notions and start with hypergraphs and graphs. Let V = {v 1 , · · · , v n } be a finite set and E = {e 1 , · · · , e m } a collection of subsets of V, such that e = / 0 for all e ∈ E and m S i=1 e i = V.
The pair H = (V, E) is called hypergraph, the elements v i of V are the vertices of H and the elements e i of E are the edges of H. If |e| ≤ 2 for all e ∈ E, we call H a graph. For a subset W ⊂ V, we call the hypergraph (W, {e ∩ W | e ∈ E, e ∩ W = / 0}) the subhypergraph induced by the set W. Furthermore for a
f i and we call the hypergraph (
f i , F) the partial hypergraph generated by the set F. We define
If a hypergraphH is a partial hypergraph of a subhypergraph of H or a subhypergraph of a partial hypergraph of H, we say thatH is a partial subhypergraph of H. The hypergraph H * = (E, {V 1 , · · · ,V n }) with
Moreover we call l the length of the path P.
In addition we call l the length of the cycle C. The path P resp. the cycle C is called strong, if there is no edge e i in P resp. C containing three vertices of the path P resp. cycle C. We denote The notions V -resp. Evertex covers are defined for the weight function d(e) = |e| resp. d(e) = 1 for all e ∈ E. If we just speak of a vertex cover or vertex cover number, we mean a V -vertex cover and the V -vertex cover number. If the vector x has entries in Q instead of N, we speak of fractional vertex covers. Now we are ready to state König's theorem for balanced hypergraphs, which has been proved in parts by Berge and Las Vergnas [BV70] and Fulkerson et al. [FHO74] . We prove it inductively and without the use of linear programming theory.
Proof. At first we prove E (H) = τ E (H) . Suppose that there is a balanced hypergraph with E (H) < τ E (H). Choose such a hypergraph H, with |V | + |E| minimal. We distinguish two cases:
1. There is a v ∈ V, which is covered by every E-maximum matching. Consider H − v. Then it holds:
. This is a contradiction.
There is a E-maximum matching
Choose an abitrary edge e ∈ E and an E-maximum matching
Consider the balanced hypergraph
in which the union * S is a multiset union, i.e., if there are exactly k different matchings M v 1 , · · · , M v k , which contain the edge f , the edge f is contained exactly k times in the edge set ofH. Since ∆(H) ≤ |e|, we can color the edges ofH in |e| colors, because balanced hypergraphs have the colored edge property. Let C 1 , · · · ,C |e| be the color classes. Note that color classes are also matchings. Then there must be at least one color class, with more than |M v | edges, because the number of edges ofH is |e||M v | + 1. This is a contradiction because the M v are E-maximum matchings. Hence, the situation in case 2 is not possible. 
We have now proved that
We distinguish again two cases:
in which the union * S is again a multiset union. Since ∆(H) ≤ |e|, we color the edges ofH in |e| colors and let C 1 , · · · ,C |e| be the color classes. The sum of all d edge weights ofH is at least d(e) + |e| min
. This is the reason why there is a color class C i , which has a d weight of at least 1 + min
This achieves the proof. The colored edge property can also be used to estimate the matching number of a balanced hypergraph. This will be shown in the next theorem. We have to define the degree deg 
, there is a vertex coverx of H \ v with total weight V (H) − 1 and one can obtain a vertex cover of H by settingx v = 1. This vertex cover has the same weight as every maximum matching of H. Therefore it is a minimum vertex cover. If there is a minimum vertex cover x of H with x v * = 1 for a vertex v * ∈ V , thenx v = x v for all v ∈ V \ {v * } is a vertex cover of H \ v * (possibly not minimum). Consider a maximum matching M of H. Case 1: v * ∈ V (M) Then we have found a vertex cover and a matching of H \ v * with the same value, namely V (H) − 1. Hence both are optimum and
∈ V (M) Then we have found a matching with greater weight than a vertex cover in H \ v * . But this is impossible.
Decomposition Theorems
In this section we give two new decomposition theorems for the class of balanced hypergraphs. These theorems generalize the classic Gallai-Edmonds decomposition, which will also be discussed in this section. 
Then the following conditions hold:
4. There is no edge e ⊆ D H . 
|m| ≥ 2|m ∩

Let v ∈ D H . Then it holds:
Proof. At first we have to show that the two definitions of D H are equivalent. Let v * ∈ {v ∈ V | v is not covered by every maximum matching M of H} and assume there is a minimum vertex cover x with x v * > 0. Consider a maximum matching M of H, which does not contain v * . Then, because of Lemma 1.7, we obtain
This contradicts theorem 1.4. Now suppose there is a vertex v * covered by every maximum matching and x v * = 0 for all minimum vertex cover x of H. Then every minimum vertex cover of H is also a vertex cover of
, there would be a vertex cover with x v * = 1 (cf. lemma 1.8 ). Hence
This inequality together with theorem 1.4 implies that any minimum vertex cover x of H must be a minimum vertex cover of H \ v * and
holds for every edge e ∈ E with v * ∈ e. Because of lemma 1.7 these edges cannot be contained in any maximum matching of H \ v * , but two edges must be contained in every maximum matching of H \ v * .
Otherwise we would get a maximum matchingM of H, which does not contain v * or contains more than V (H) vertices. In both cases we get a contradiction. Therefore no minimum vertex cover x of H exists, which is also a minimum vertex cover of H \ v * . But this is again a contradiction. Suppose that there is a maximum matchingM of H \ v, which is not a maximum matching of H. There are some (at least two) edgesm 1 , · · · ,m k ∈M, which contain v in H. This leads to the same contradiction as before (cp. inequality (1)). Therefore
7. Now we turn to vertices v ∈ M H and consider H and H \ v. Then any minimum vertex cover x of H \ v is also a minimum vertex cover of H (by setting x v = 1) and maximum matchings of H are maximum matchings of H \ v because of part three. Therefore any vertex v ∈ P H is contained in P H\v and any vertex v ∈ D H is contained in D H\v .
The classic Gallai-Edmonds decomposition divides the set of vertices of a graph H into these three sets:
We have found out, that only part 1, part 4 and a result similar to part 6 of theorem 2. 
2. H is a bipartite graph. In our next step we study E-maximum matchings and E-vertex cover.
Proof.
If H is factor critical the equation
Theorem 2.3. Let H = (V, E) be a balanced hypergraph. We define the sets
, which do not lie in an edge of size one.
4. There is no edge e ⊆ F H .
5. There is no edge m ∈ M with m ⊆ N H ∪ Q H and m ∩ Q H = / 0 for every E-maximum matching M.
Proof. At first we show that the two definitions of F H are equivalent. It is obvious that {v ∈ V | x v = 0 for all minimum E-vertex cover x of H} ⊇ {v ∈ V | v is not covered by every E-maximum matching }, because of König's theorem. Suppose now that there is a vertex v covered by every E-maximum matching and x v = 0 for all minimum E-vertex cover. Then we consider H − v and construct such as in the proof of theorem 1.4 (case 1 of the induction basis) a vertex cover x of H with x v = 1, which yields a contradiction.
Applications
In this section we give some different applications of our decomposition, including two new characterizations of balanced hypergraphs similar to Berge's characterizations (cp. [Ber89] ).
Corollary 3.1. The following statements are equivalent:
2. There is no edge e ⊆ DH for every partial subhypergraphH of H.
Proof. In theorem 2.1 we have just seen that for balanced hypergraph there is no egde e ⊆ D H , but we give a second proof here, which is similar to the proof of theorem 1.4: Suppose there is an edge e ⊆ D H . There is a maximum matching M v with v / ∈ V (M v ) for every v ∈ e. Consider the balanced hypergraphH
in which the union * S is again a multiset union. Since ∆(H) ≤ |e|, we color the edges ofH in |e| colors and let C 1 , · · · ,C |e| be the color classes. The sum of all vertex degrees ofH is
Suppose that the strict inequality For the other direction suppose that H is not balanced. There is a partial subhypergraph C = (Ṽ ,Ẽ) of H, which is a strong odd cycle. Hence |Ṽ | = 2k + 1, for a k ∈ N \ {0} and |e| = 2 for all e ∈Ẽ. Furthermore every vertex of C is contained in D C , so we get at least three edges contained in D C . Proof. We consider part four of theorem 2.1, remark 3.2 and their consequences in the dual hypergraph H * . Matchings become stable sets and the set D H becomes the set of all edges not being covered by every maximum weight stable set, say D * H . Hence, there is no vertex solely contained in edges of D * H . For the other direction suppose that H is not balanced. There is a partial subhypergraph C = (Ṽ ,Ẽ) of H, which is a strong odd cycle. Hence |Ṽ | = 2k + 1, for a k ∈ N \ {0} and |e| = 2 for all e ∈Ẽ. Set d(v) = 1 for all v ∈ V. A maximum weight stable set S with regard to d, has weight (and cardinality) k. Moreover there is an edge e ∈ E, which is not covered by S. This implies, that there is no edge covered by every maximum weight stable set.
